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In this paper we shall give mathematical foundations of the simultaneous measure-
ments in quantum mechanics. Next we shall show the existence theorem of the simultaneous
measurement for arbitrary observables. Furthermore, we deduce Heisenberg’s uncertainty
relation and approximate simultaneous uncertainty relation for a pair of arbitrary
observables.

1. Introduction

Although the uncertainty relation (discovered by Heisenberg in 1927) has a long
history, the various discussions about its interpretations are continued even now.
Mainly, there are two interpretations of uncertainty relations. One is the statistical
interpretation. By repeating the exact (i.e. the “error” A(g) = 0) measurements of the
position g of particles with same states, we can obtain its average value g and its
variance var(g). Also, by repeating the exact (i.e. the “error” A(p) = 0) measurements
of the momentum p of the same particles, we can similarly get its average value p and
its variance var(p). From the simple mathematical deduction, we can easily obtain
the following uncertainty relation:

h
>
where h = “Plank’s constant”/2n. This is the statistical aspect of the uncertainty
relation.

On the other hand, Heisenberg’s uncertainty relation is rather individualistic.
Most physicists will agree that the content of Heisenberg’s uncertainty relation is
roughly as stated in the following proposition (though it includes some ambiguous
sentences as well as some ambiguous words, i.e. “simultancous” and “error™).

[var(g)]'/?- [var(p)]'/* > 1)

ProrosiTION 1 (Heisenberg’s uncertainty relation). (i) The particle position q and
momentum p can be measured “simultaneously”, if the “errors” A(q) and A(p) in
determining the particle position and momentum are permitted to be non-zero.

[257]
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(ii)} Moreover, for any ¢ > 0, we can take the “simultaneous” measurement of the
position q and momentum p such that A(q) < & (or A(p) < ¢).
(ii)) However, the following Heisenberg’s uncertainty relation holds:

Aq)-Alp) = 2

2’
for all “simultaneous” measurements of the particle position and momentum.

Several authors have contributed to the problem of deducing Heisenberg's
uncertainty relation. In [2] (Ali and Emach, 1974), [3] (Ali and Prugovecki, 1977)
and [6] (Busch, 1984), these were done by means of the concept of modified
observable which has been developed by Davies and Lewis (1970) [9]. Hence,
a certain part of this problem has been already solved. In particular, the statements
(i) and (i) in the above Proposition 1 were deduced in a satisfactory way. However,
with regard to the statement (iii), it seems there are still some questions. In order to
deduce the statement (iii) it is necessary to clarify the class of all “simultaneous”
measurements. However, this argument seems not to be sufficient. In this paper we
shall make a proposal for the mathematical foundations for the “simultaneous”
measurement and the “error” mentioned in Proposition 1. And we shall show the
existence theorem of the simultaneous measurement for arbitrary observables
Ay, ..., A,, which corresponds to the statements (i) and (i) in Proposition 1 in
the case when (4,, A,) is a pair of conjugate observables (i.c. symbolically,
A A,—A,A, = ih). Furthermore, we shall derive the Heisenberg’s uncertainty
relation (2) and the so-called approximate simultaneous uncertainty relation (which
has been discovered in [5] and discussed in [21], [22]) for a pair of arbitrary
observables as well as that of conjugate observables.

2. Definitions

Since the main purpose of this paper is to prove Proposition 1 (or the generalized
theorem), we must clarify the ambiguous words in Proposition 1. For this, we
prepare several definitions in this section.

DEFINITION 1 (Davies and Lewis [9]). Let Q be a set with a o-field & and let H be
a Hilbert space. A positive operator valued measure E on Q in H is defined to be
a map E:# —»B(H)={L:L is a bounded linear operator on H} such that

(i) 0 =E(¢) < E(G)<E(Q) =1 for all Ge#, where 0 and I are respectively
a O-operator and an identity operator on H,

(i) for any countable decomposition {G;}72; of G, (G;,, GeZ), E(G) =X},
E(G)) holds, where the series is weakly convergent.

Furthermore, a positive operator valued measure E on Q is called a projection
valued measure, if it satisfies the following additional requirement:
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(iii)
E(G)E(G) =0 (G, nG, = }).

A positive operator valued measure and a projection valued measure are also called
an observable and a standard observable, respectively.

In this paper, a positive operator valued measure (or projection valued measure)
E on an n-dimensional Euclidean space R” with a Borel field 2, = {G:G is a Borel
set in R"} is usually called an observable (or standard observable) on R”.

According to the well-known spectral representation theorem, there is a bijective
correspondence of a standard observable E on R" in H to an n-tuple (E,, ..., E,) of

commutative self-adjoint operators in H such that E; = [ A, E(d4,...d4,). So we
Rn
sometimes identify E with (E,, ..., E,) and we can write

E=(E,, ... E) = (] 4E@A)i=1 = | 2E(d}). 3)
rR" R"

In particular, we frequently identify a standard observable on R in H with
a self-adjoint operator in H.

DErFINITION 2. Let H be a Hilbert space with the inner product (., ..

(1) A quartet M = (K, s, (@, #, A), f = (f,, .-, f,)) is called a measurement in H,
if it satisfies the following conditions (i), (i1} and (iii):

(i) K is a Hilbert space and s is an element in K such that |js| =1,

(ii) A4 is a projection valued measure on Q with a o-field % in the tensor Hilbert
space H® K with the inner product {.,.>zex and

(iii) f: Q@ —>R"is a measurable map from Q into R", ie.f: Q—-R,(i=1,..., n),is
a measurable function on Q.

In particular, when K = C (so, H® C = H, where C is the complex field), M is
called a simple measurement.

(2) A measurement M = (K, s, (@, #, A), f=(f,, ..., 1) is called the measure-
ment of an observable A on R", if

(u®s, A(fTHO)u®S))nox = (4, A(G)udy (ucH, GeB,). (4)
The measurement M of A is also called the realization of the measurement of A
(cf. [13]).

The relation between measurements and observables is characterized by the
following proposition.

PROPOSITION 2. (i) For any measurement M = (K, 5, (Q, #, A), f = (f1» .- - [))
there exists a unique observable A on R" such that M is the measurement of A. Also,
A is determined by (4).
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(ii) For any observable A on R" in a Hilbert space H, there exists a measurement
M=(K,s, (2 F A, f=(fi,...p) of 4

Proof : The statement (i) is trivial. Also the statement (ii) immediately follows
from the following proposition.

ProrosiTION 3 (Holevo [12]). Let E be a positive operator valued measure on
Q with a o-field ¥ in a Hilbert space H. Then, there exist a Hilbert space K, an
element s (||s|lx = 1) in K and a projection valued measure E on Q in the tensor Hilbert
space H® K satisfying

u®s, E(Q)u®s)nex = (u, E(G)udy (ueH, Ge F). 5

Conversely, any projection valued measure E on Q in H® K and se K give rise to the
unique positive operator valued measure E on Q in H satisfying (5).

Now we postulate the following probabilistic interpretation of quantum mech-
anics: when we take the measurement M = (K, s, (Q, &, A f=(fys o f)) of an
observable 4 on R” (also, we say briefly, “measurement M” or “measurement of an
observable A”) for a system with a state u (ue H, ||u]|,; = 1), the probability that the
value 1 (€R") obtained in the measurement M belongs to a set G (€4) is given by

(u, AG)uyy (= (u®s, A(f7H(G) u®9))nex)-
Therefore, the expectation Exp[M, u](= (Exp[M, u],)!-,) of the measurement M of
the observable A on R" for the state u (|ul g = 1) is given by

Exp[M, u], = | A,<u, AdAu)y
R

(= [ filw)<u®s, Adw) U@ s)uex), i=1,2,...,n 6)
o]
and its variance var[M, u] (= (var[M, u])!-,) is given by

var[M, u], = [ |4,—Exp[M, ul,* Cu, A(d)udy
R»

(= jlf,(a))—Exp[M, u]i|2 <M®S, ‘Z(dw) (u®s)>H®K)’ i= 1’ 2a <o R, (7)

where var[M, u]; is defined by oo if | |2)* <{u, A(dW)ud>y = .
Rn
We shall use the following notation:

Notation 1. (1) Let M =(K, s, (2, & A), f=(f,..../;)) be a measurement
in H. Then

— [ f@) Ado), A=Ay, .o A) = (] LA
Q2 Rn
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(2) Let L and L be observables on R in H and H®K, respectively. Let se H.
Then

D(L):= {ueH: [|A*u, L(A)u) < o},
R

D(I):= {we HR®K: [|A?<w, L{d})0)yex < 0},

Dy(L):= {ueH: [ u®s, L) @®3))rex < ©},

where D(L) (or D(L)) is called the domain of L (or L).
(3) Let A be an observable on R" in a Hilbert space H. Then

A" O(G) = A({x = (X1, .., X, -, X, )ER™ X, €G})
GeB,, k=1,2,....n).
A™ar® s called the (k-th) marginal observable of A.

Note that A(G) = A(f "(G)) (Ge #,) and Dy(4) = D(A™) (i = 1, ..., n) hold.
Presently, we shall give the definition of “simultaneous” measurements (Defini-
tions 3 and 4).

DEFINITION 3. Let 4, ..., 4, be standard observables on R in a Hilbert space H.
Then an observable 4 on R” such that 4,= A™"® (i=1,...,n) is called the
observable representing A,, ..., A, in the exact sense. Also the measurement
M = (K, s, (Q & A), f(®) = (f(®), f,(®), ..., f,(@)) of the observable A4 representing
A,,..., A, in the exact sense is called the exact simultaneous measurement of
Ay, ..., A,, that is, M satisfies that (u®s, A(f;""(G) U ®5))uex = {4, A;(G)udy
(ueH, GeAB,,i=1,...,n)

We see by the following Proposition 4 that 4, ..., A, commute if and only if
there exists an exact simultaneous measurement of A, ..., 4

PROPOSITION 4. Let A, ..., A, be standard observables on R in a Hilbert space H.
Then, the following statements (i) and (ii) hold:

() If Ay, ..., A, commute, i.e.

Ai(Gy) A(Gy) = A(G,) A(Gy) (i #), G,,G,e %),

then the standard observable A = (A,, ..., A,) on R" defined by (3) satisfies A; = A™*
i=1,...,n).

(ii) If there exists an observable A on R" such that A; = A™® (i =1, ..., n), then
Ay, ..., A, commute (sowe canput A= (A, ..., A)asB)and A=A(=(4,, ..., A))

Proof . The statement (i) is trivial. Also about (ii), see [8].

Now we have the following main definition.



262 S. ISHIKAWA

DEFINITION 4. Let A4, ..., A, be standard observables on R in a Hilbert space H.

(1) An observable A on R" in H is called the observable representing A,,...,A,in
the average sense, if it satisfies the following conditions:

(i) (domain condition) for each i D(A™*®), the domain of 4™ is the core of
the self-adjoint operator 4; (= [A4,(dA)) (i=1,2,...,n), ie. 4, is an essentially

R
self-adjoint operator on D(A™*Y) (< D(4,)),
(1) (average value condition)

Cuy Auy = [2.4u, A O uy  (ue D(A™D), i=1,2,..., n). (8)
R

(2) A measurement M = (K, s, (Q, Z, A), f () = (fi(w), (o), ..., fi(w)) of the
observable representing A4,, ..., 4, in the average sense is called the approximate
simultaneous measurement of A4, ..., 4,. Namely, M satisfies the following con-
ditions:

(i) (domain condition) for each i, the set D (A, is the core of the self-adjoint
operator 4; (= [AA;(dA)), ie. A4, is an essentially self-adjoint operator on D (4,)

R

(i) (average value condition)

{u, A;u) = _[fi(w) U®s, A[dw)(u®s)) (ueDs(/fi), i=12...,n. )
)

Note that we have seen that D(A™®) = D (A,). Also assume that M is the
approximate simultaneous measurement of A, ..., 4, as well as 4,, ..., 4,. Then

we see, by (9), that (u, Aju) = | f{(w) (u®s, A[dw)u®s)> = u, A,u) (ueDy(A)),

Q2

i=1,2,...,n). So we see that A} = A, on D(4) (i =1, 2, ..., n). Therefore, by the
domain condition we get Aj=A4, (i=1,2,..., n). »

Now we shall define the notion of the “error” in an approximate simultaneous
measurement. If we regard the approximate simultaneous measurement M of
Ay, ..., A, as the substitute of the exact simultaneous measurement of 4,, ..., 4,,
how can we represent the “fitness” (or “goodness™) of this substitute? Though the
approximate simultaneous measurement M is fit for 4,, ..., 4, in the average sense
(ie. (i) and (ii) in Definition 4, (2) hold), it is not always fit for 4,, ..., 4, in “every”
sense (i.e. M is not always an exact simultaneous measurement of A4,, ..., A,).
However, we can say that it is fit for 4, ..., 4, in “every” sense if |(4,— 4,® ) u® s)||
=0 (ueD(A),i=1,2, ..., n). Because this implies that for any ue ()=, D(A¥ and
any positive integer k

Afu®s) = (A) 1A w®s) = (A)  (4u®s) = ... = (A1) ®s,

so we see that
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[ Cu®s, A(dAu®s)) = [ A*(u, A(dA)u),
R R

hence .
u®s, A(G)u®s)) = <u, A(G)uy (ueH,GeH,i=1,2,...,n),

which implies that the measurement M is an exact simultaneous measurement of
A, ..., A,. Also if M is the exact simultaneous measurement of A,, ..., 4,, clearly
[(A,;— A4, ®)(u®s)| =0 holds for all ueD(4) and i=1,2,...,n. Therefore,
(I(A;— 4;® I)(u®5)|){=, seems to represent the “unfitness” of M for 4,, ..., 4, on
a state u.

Also for a particular approximate simultaneous measurement M = (K, s, (Q, Z, A, f
= (f1, ..., fy)) of 4;, ..., A, satisfying that there exist functions g,, ..., g, on 2 such
that 4,®1I = f gi(w)A(dw), (i=1,...,n), we can explain that the “unfitness”

2
([|(/i,.—-A,.®I)(u®s)ll)§'=1 has the properties of the error in the measurement M.
Assume that someone is under the impression that he takes the exact simultaneous
measurement of A4,, ..., A, for u (it should be noted that this measurement is
identified with the exact simultaneous measurement of A, ®1I, ..., A,® I for u®s),
although he actually takes an approximate simultaneous measurement M for u (i.e.
an exact simultaneous measurement of /il, o ff,, for u®s). In this situation,
he will think that the distance (or average distance in some sense) between the
value a (=(ay, ..., a,)) obtained by the measurement M and the “true” value
d (= (dy, ..., 4,)) (ie. the value obtained by the exact simultaneous measurement
of 4,®1,..., A,®1 for u®s) is the error (4,);=, in the measurement M, that
is, 4; = {Exp[|d;—a;|*]}'/?. Taking a measurement M’ = (K, s, (2, &F, A), h = (f,, ...
ceos far G1s ---» G,)) We can easily see that 4; = [ [|f;(@)—gi(@)]> (u®s, A(dw)u® s)»]""?
2

= (A,— A,® )(u®s)|. Therefore, in this particular case we can regard the
“unfitness” (|(4;—A4;® ) (u®s)|)/=1 as the error (4,(w))'~, in the measurement M.
However, in general, we can not define the error in the measurement M since we
have no method to know the “true” value.

The above arguments lead us to the following definition.

DEFINITION §. Let 4, ..., A, be standard observables on R in a Hilbert space H.
Andlet M = (K, s, (2, &, A), f (@) = (f1(@), f,(@), ..., f,(w)) be an approximate sim-
ultaneous measurement of A,, ..., A,. Then, the unfitness (dy(4;, w)f=, of M for
Ay, ..., 4, on a state u (jujjy = 1) is defined by

An(As, W) = (A= 4, @ D®s)| (ueD(4), (10)

where (10) should be interpreted as Apy(4;, u) = oo for ue D(A)\D,(A,) since
D,(4) < D(4)
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Remark 1: (1) In Lemma 2 (jii) (cf. Section 4), we will see that [|(4,— A, @ ) (u ® s)||2
= |A,u®s)|>—||4,ul> = j&2<u A" Ol uy — fﬂ(a A(dW)u) for all ueD (A)

(=DA™D) (i=1,2)

(2) Since Ay(A;, u) is not defined for ue H\D(A,), we think that Definition 5 is
not final but temporary. When (4,—A,®I) on D(A)n D(A;®I) has a unique
self-adjoint extension [/i,..—Ai®I] (for example, when A, and A;®@I commute),
it seems to be natural to define the unfitness Apy(A;, u) such that Ay(A4;, u)
= [4;—4;®I1(u®s)| (ueD([A;— A;®I]), = o (otherwise). Furthermore, we
can define the “unfitness observable” F,(dA) on R in H such that {u, F,(d})u)y
=U®s, [4,—A,Q[EANu®5))yex (ueH) So it seems to be reasonable to
assume the essentlal self-adjointness of (4;—A4,®I) on D(A)ND(A,®1I) in Defi-
nition 4 for approximate simultaneous measurements. However, without this
assumption we can prove Theorem 3 (generalized approximate simultaneous
uncertainty relation), which is one of our main results. So we proceed with our
arguments without this assumption. We shall return to this problem again in
Corollary 1.

Let A, ..., A, bestandard observables on R in a Hilbert space H and let 915> Gn
be functions in I'R) such that g;(x)=0, lglu=1 {[xg;(x)dx=0 and
R

_fngi(x) dx < o (i=1,...,n). Now we shall consider the observable 4 on R” such

that A™D = g« 4., where (g,* A)(dA): j'g,(x)A (dA—x)dx. We can easily see that

J22<u, (g:* A)@dDu> = | (A+x)* (u, g(x) A(dA)u) dx
) e

R2
= [ x?g;(x)dx + [ 2*(u, A(dA)u).
R R

So D(A4) = D(A™®). Also, we see similarly that {u, A;u) = [i{u, (g;* A;)(dA)u)
R

(ueD(A™V), i =1, 2,..., n). Therefore, A4 is the observable representing A, ..., 4, in
the average sense. Moreover, we see by Remark 2(1) that [dy(4;, w)|*
= szgi(x) dx (ueD(A), i =1, ..., n). This particular kind of unfitness is also called

LIS

unsharpness indeterminacy” or “fuzziness” (see [2], [3], [6]).
The following result is obtained in [3].

PROPOSITION 5. Let A, and A, be a pair of conjugate observables in a Hilbert space
H. Let &, and ¢, be any positive numbers. Then, the following statements (i) and (ii) are
equivalent:
()
g€, = h/2,
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(ii) there exist g, and g, in L'(R) that satisfy the following conditions:
(8) g0 =0, gl = 1, [xg,()dx = 0 and [x?g,(x)dx =&, (i =1,2),

R R
(b) there exists an observable A on R? such that A™V =g;x A, (i=1,2).

The measurement M = (L2(R), s(x), (R%, #,, A), f (A1, 42) = (44, A,) of the
A above can be easily constructed as follows: put 4, = 4, ®I+I®x and

R hd ..
A2=A2®I+I®_—d— in H®I*(R). From the commutativity of 4, and A,,
idx -

we can define the unique standard observable 4 on R? in H® L*(R) such that
fi A(dr,dl,) (i=1,2), ie. A=A Also choose s(x)eL*(R) such that

gl(x) Is(x)|? and g,(x) = |(x)|* a.e., where §(x) is a Fourier transform of s(x). Then,
by a simple calculation, we can see that M is the measurement of A4, that is, M is the
approx1mate simultaneous measurement of 4, and 4,. Note that (A;— A, ®I) on
D(A)n D(A;®1I) has the unique self-adjoint extens1on [4,—A,®]I] since A; and

h
A;® I commute. Also note that [A,—A,®I]1=I®x and [Ad,—4 ®1]—I® d

so D([A,—A®@M=H (i=12), |[4,~A4,®&Nu®s)| = |uly Ixs(x)l.: aqd
1[4, — A, ®Iu®s)| = ljullg |1Ax$(x)]|2. Furthermore, it is clear that D (A)

Compared with Proposition 1, the above Proposition 5 seems to give the
satisfactory solution to the problem of deducing the statements (i) and (ii) in
Proposition 1. However, the class of the approximate simultaneous measurements
considered in Proposition 5 is smaller than the class of all “simultaneous”
measurements. Hence, we think there are some questions concerning the statement
(iii) in Proposition 1.

3. Existence theorem

Now we shall mention the following theorem, which assures the existence of
approximate simultaneous measurements of arbitrary observables 4,, ..., 4

THEOREM 1. Let A, ..., 4, beustavndard observables on R in a Hilbert space H. Let

n

a, ..., a, be any positive numbers such that ) (1+af)™" = 1. Then there exists an
approximate simultaneous measurement M oif= 1Al, ...y A, such that
Aw(A;, u) = a;|Au| (ueD(4),i=1,2,...,n).
Proof: Let C"={z=(z;,...,2 ):z.eC (i=1,2,...,n)} be the n-dimensional
Hilbert space with the norm |z||, = [ Z lz{*]"*. Pute, =(1,0,...,0),¢e,=(0,1,0,...

,0,..,e,=(0,0,..., )eC" And put P.:C"->C" (i=1,2,..., n), the projection
such that P,-ei =e, P, ek =0(k #i). Putb,= (1+a?)"* and B, = bZA,- i=12..,n).
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We take the spectral representations A; = [1A4,(di), B,= [/B;(d%) in H and
R N R
0 = [ 40(d4) in H. Note that 4,(d(4/b?)) = B,(d/). Put U: H® C" - H® C" a unitary
R -~
operator such that U = I® U, where the unitary operator U on C" satisfies that

n

Ue, = ) e;/b,. And define a projection valued measure 4; on R in H®C" by

i=1
A,(d) = U*[B(dO)® P,+0dO)Q@U~PNU (i=1,2,...,n).

Since A, ..., A, commute, we can define a projection valued measure 4 on R” in
H®C" such that

At .. de) = T Az

Now, we shall show that the measurement M = (C”, e,, (R, B,, A), S, &,
e ) =(,¢,,..,¢)) is an approximate simultaneous measurement of

Ay, ..., A,. Put 4, =Rj" EA(dE dE,...dE) (i=1,...,n). Then we see that
l‘Inlé.-lz (u@e,, AdEdE,...dE)(uDe,))
= Ij‘lé,-l2 (u®ey, A(dE)(u®e,))

= (16 u@e,, [U*(BAdZ)® P+0(dE)® (I P) U] 4®e,)

= [Ié1* <u, B{d&)u)-(Ue,, P;Ue,}
R

{112 <u, BdE)uy- <z 4,p, Y fﬁ>

R =1 by T by

= b~ [ 1A <, BidA)u) = by [ 1412 Cuy Ay(dA)u.
R R

Hence, D (A,) = D(A,) (where 5 = e,), so M satisfies the condition (i) in Definition 4,
(2). Also, we see that for each i (i=1,2,...,n) and G, €%, (k=1,2),
'Zi(Gl)' (Ai(GZ)®I))
=(I®U*)(B(G)®P;+0(G,)®(I~P))(I®U)(4,(G,)®I)
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= (Ai(Gz)®I)(I® U*)(Bi(Gl)®Pi+0(Gl)®(I_Pi))(I® U)
= (Ai(Gz)®I)'-Zi(G1)-

So A, and A,®I commute since fi.=j§;f.(d5) and A.®I=j£(A.(d«f)®I)).

Hence, 4,—A,®1 on D(A)nD(A;®]) has the unique self—adjomt extension
[A,— A4, ®I] Wthh has the spectral representation

[A,—A,®I1= [ (&,—&) AdE)(AdE) RT).

Then we see that

1[4, - A ®Iu®e,))?

— sz €, — &1 (u®ey, A(dE)(AdE) RN U ®ey))
= l{léllz (u®ey, A,(dE)u®e,)>
—2 Rjzélfz (u®e,, A(dE)(A4d) R u®e,))
+ ; 18,17 (u®ey, (A,(dE)® ) (u®e,))

= (16> =2+ D {12 (u, 4,(dE)u)
R

= la* | 4;u)?,

which implies that D ([4,— 4, ® I) = D(4,) (where s = e,) and Ay(A4;, u) = a;||4,u.
Therefore, the proof of theorem is complete.

Remark 2: (1). Even when A, and A, are a pair of conjugate observables, the
above measurement M is clearly another one considered in Proposition 5. Moreover,
since we can take a; arbitrary positive for any fixed i, this theorem seems to give the
solution to the problem of deducing the statements (i) and (ii) in Proposition 1 in the
general case when A,,..., A, are arbitrary standard observables. When
a;=m—1)"Y? (i=1,2,..., n), this theorem was essentially proved in [1].

(2). In the proof above the following statements were also proved:

(i) A; and A,® commute, so 4,—A4,@1 on D(4) D(A,®I) has the unique
self-adjoint extension [4,—A,®I1 (i =1, 2),

(i) Dy(A) = Dy([A;— A, ®1)) = D(4) (i=1,2).
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4. Uncertainty relations

In this section we shall discuss uncertainty relations in a quantum measurement.
The following well-known Lemma gives a foundation for the statistical uncertainty
relations (1).

LEMMA 1. Let A, and A, be any symmetric operators on a Hilbert space H. Then
A ull®—1<u, Ayud*]- [l Ay ul® =Ky, Audl?] = 3<A u, Ayu) —{Ayu, Ayl
for all ue D(A;)nD(4,).
Proof: See, for example, [19].

LEMMA 2. Let A, and A, be any self-adjoint operators in a Hilbert space H. Let
(K, s, (@, A), f = (f1, f,) be the approximate simultaneous measurement for A, and

A,. Put A, = [ filw) A(dw) (i = 1,2). Then, the following equalities (i)-(iii) hold
0
(v, Ay = (w®s, A,®s)) = rj}./ﬁ((i))('u‘@& A(dw) (u®3))
for all ueD(A) and all veH (i=1,2),
(i1)
[ /1) f,(@) u®s, A[do) u®s))

Q
= (A, u®s), 4,u®s))
= (Ayu, Ayuy+<{(A;— A, @ D(u®s), (A, — 4, N u®s))
for all ueDs(/il)mDs(/iz),
(iii)
!)lﬁ(w)lz (Uu®s, A(do)(u®s))
— JA®9)? = | 4ul + (A, —4,@ D@3
for all ueD,(A) (i=1,2)
Proof : Fix ke{l,2}. We can see that, for any v, ueD,(A)),
{v, A, u)
=3 {{w+u), 4,+uw))—<(v—u), A (v—u)
—id(v+iu), A, (v+iu))+il(v—iu), A, (v—iu)d}
=1{{v+u)®s, fik((v+u)®s)>——<(v—u)®s, A(v—v)®s))
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—i{w+i)®s, A (v+i)®s))+i{v—iu)®s, 4, ((v—iw)@s))}
= v®s, Au®s))
= (v®s, | f(@) Ado)u®s)) = [ fi(®) (@5, 4,(dw)(u®s)).
Q o]

Since D,(A,) is dense in H, we see that

(o, Ay = (0®s, 4,w®5)) = [ fi0) (v ®s, A(dw) u®s))
Q

for all ueD((4,) and all ve H. This completes the proof of (i).
Next we shall prove (ii). Let u be any element in D(A4,) n D,(A,). Then we see by
(1) in this lemma that

[ [1(0) f(0) (u®s, Adw)u®s))
Q2
= ([ [1(®) A([do) u®s), | f,(0) A([do) u®s))
o] 2

= (A, u®s), A,u®s))
=<4, — A4, @D @) +(4,u®s), (A, — 4, @D (U ®5)+(4,u®5))
=4, -4, 0D ®s), (A,— 4, D u®s)
+{A;—A4, @D u®s), A,u®s)
(Au®s, (A, — A, @NURs)) + {4, u®s, A,u®s)
=4, -4, @D ®s), (4,4, @D u®s)
+<{A,u®s), A,u®s)—<Au, A,u)
+{Au®s, A,u®s))—<A u, A,ud+<{Au, A,>
= {4, -4, @D u®s), (A,— A, @ N ®s)) — (A u, Ayu)
+!_$;f2(cu) {Au®s, Z(dw)(u®S)>+£f1(w) (Ado)u®s), A,u®s)

=<4,y Az”>+<(/‘i1“’41 ®Nu®s), (AAz_A2®I)(“®S)>-

Hence, the proof of (ii} is completed. Also the proof of (iii) is carried out just in
a similar way.
Now we have the following theorem, which is one of our main results.

THEOREM 2 (generalized Heisenberg’s uncertainty relation). Let A, and A, be any
self-adjoint operators on a Hilbert space H. Then for any simultaneous measurement
M=(K,s (@ % A),f=(f1,f) of A, and A, the following inequality holds:
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Ay(Ay, “)'AM(Azg u) = %I<A1 u, 42“>—<A2U, A u)l (11)
for all ueD(A,)nD(A,), where the left-hand-side of (11) is defined to be o if
Ay(4;, u) = o for some i.

Proof : Put A; = | fi(w) A(dw) (i = 1, 2) as Notation 1,(1). Let ue D(4,) N D(A4,).

. 2
If u¢ D (A;) for some i, we see by the definition of the unfitness that Ay (A4;, u) = oo,
so (11) clearly holds. Hence, it is sufﬁgient to prove (11) for ue D,(A,) n Dy(4,). Let
u be any element in ue D (A,) n D(A,). We see, by the part (ii) of Lemma 2, that

(Ayu, Aud+ A, — A, @D u®s), (A,— A4, @) (u®s)>
= [ [i(@) f(0) (u®s, A(do)(u®s))
2

= (Ayu, Ay +{(A, = A, @ N (u®s), (4, — 4, @D ®s)),
from which we get by Schwarz inequality
KA u, Ayud—Au, A u)
=4, -4, @D U®s), (A,— 4, @) (u®s))
—(4,~ 4, D u®s), (A, — A4, @D s
<A =4, @D (A, — A, @D (@)
Hence, the proof is completed.

The analogue of the following theorem was first discovered by Arthurs and Kelly
[5] and discussed by She and Heffner in [21], when (4,, A,) is a pair of conjugate
observables. Also Yuen [22] discussed the general case. However, their observations
are rather physical and the class of all “simultaneous” measurements considered in
these papers is too narrow.

THEOREM 3 (generalized approximate simultaneous uncertainty relation). Let A,
and A, be any self-adjoint operators in a Hilbert space H. Then for any approximate
simultaneous measurement M = (K, s, (2, Z, A, f=(fy, 12) of (4,, A4,) the following
inequality holds:

(var[M, u],)'?-(var[M, u],)*'? > |[<A u, Au)—{A,u, A udl (12)

for all ue H, where the left-hand-side of (12) is defined to be oo if var[M, u]; = oo for
some i; also the right-hand-side of (12) is defined to be oo if u¢ D(A,)n D(A,).

Proof: Put A, = jﬁ(w) A(dw) (i =1, 2). If u¢ D,(A) for some i, we see by the
0

definition of the variance that var[M, u]; = oo, so (12) clearly holds. Hence, it is
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sufficient to prove (12) in the case that ue D,(4,) n D,(A,). Let u be any element in
D,(A,)nDy(4,). Then we see by (iii) in Lemma 2 that

var[M, u], = |4, u®9)|*—|[<u®s, 4,(u@s)|*
= [l 4;ull* + (A= 4, @ D @ )|* —I<u, AudI?,
i=1,2,

so by the arithmetic-geometric mean inequality, Lemma 1 and Theorem 2 we get

var{M, ul, -var[M, u],

> 4(1 Ay ull2 = I<u, Ay ud|H2- (| Aqull> = 1<u, AudD)H2 (A, — 4, @ D@ s)]

N Ay — A, @ D) > <A 4, Ayud—Ayu, Audl.

Hence, the proof is complete.

Compared with Theorem 3, Theorem 2 seems not to be sufficiently satisfactory,
since the inequality (11) is not assured for all ue H but only for ue D(A,) n D(A4,). Of
course, if we assume that Ay(A;, u) = co if u¢ D(4;) in Definition 5, the inequality
(11) holds for all ue H. However, this assumption seems not to be natural. So we
shall consider natural conditions when the inequality (11) holds for all ue H
in the case when A, and A4, form a pair of conjugate observables. Let
M= (K ,5 (@, Z A), flw) = (fi(w) £y (a)))) be the approximate simultancous measure-
ment of a pair of conjugate observables A, and 4, in a Hilbert space H. Put
A, = | filw) A(dw) (i=1,2). Assume that M satisfies the following additional

Q

conditions:

(C1) for each i (4,—A,®I) on D(A)n D(A,®I) has the unique self-adjoint
extension [A;—A,®I] (50 Ay(A;, u) is defined in the sense of Remark 1,(2)),

(C2) put K =D,([4,~A4,®1) " D,([A,~4,®I) and define [jully = July
+[4;— A4, QINu@s) g+ I[A,— A, Q1T (u®5s)| 5 for all ue K (we can easily see
by usual arguments that K is a Banach space with the norm || || ). Then assume that
D,(A,) " Dy(A,) is dense in K.

Note that approximate simultaneous measurements considered in Proposition 5
and Theorem 1 satisfy the above conditions (C1) and (C2) (cf. the arguments below
Proposition 5 and Remark 2,2)).

Now we have the following corollary.

COROLLARY 1. Let A, and A, be a pair of conjugate observables in a Hilbert space
H Let M = (K, s, (Q, F, A), f(w) = (fi(), 1, (w))) be any approximate simultaneous
measurement of A, and A, satisfying additional conditions (C1) and (C2). Then the
following inequalities hold:
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() (approximate simultaneous uncertainty relation)
(var[M, u])"/?- (var[M, u],)'* > h (13)

for all ueH (u|y = 1),
(i) (Heisenberg’s uncertainty relation)

Au(Ay, u)- Ay(Ay, u) = /2 (14)

for allue H (|ul|y = 1), where the left-hand-sides of these inequalities are defined as in
Theorem 2 and 3.

Proof : Note that (A u, A,u)—{A,u, Aud =ik (ue D(A;) " D(4,), llulz = 1).
Then (i) is a special case of Theorem 2. Also (ii) clearly holds under additional
conditions (C1) and (C2).

Remark 3: Let A; and 4, be a pair of conjugate observables in a Hilbert space H.
As shown in [10], there exists a simple measurement M = (C, 1, (R? 4,, A),
f (44, 4;) = (44, 4,)) satisfying that for any & > 0 there exists a state u, (ue D(A4,)
N D(4,), lully = 1) such that

IA; -4, ®D®Viggc=¢ and [(4,~A4,@DuR Dluec =0,
where 4, = § A;A(d2,d),) (i = 1, 2). The example mentioned in [10] is essentially as
R2
ho
follows: Put H = I?(R?), A, = x, and 4, = a Therefore, (4,, A,) is a pair of con-
1

jugate observables in H (= L[*(R?). Put B, = x,. Since B, ®1 and A, ®I commute
in HRC, we can define A by A(di,dA;) =(B,(di,)®I)(4,(dA,)®1) and put

Sy Ag) = (Ay, Ay). So A, = | A, A(dA,dA,) = B,®I, A, = [ A, A(dA,dAy) = A, ® 1.
2 R2

R
1 ERY) 2777172 ‘
Put u,(x,, x,) = [mexp[—(xl 4;2) —().Cl :.XZ) }} . Now we can easily see that

I(A; =4, ® D, @ Dlfec = (B — Al = [ (x3—x,) lu,(x,, x,)|* dx, dx, = &
R2

and also, clearly, I}(/iz —A4A, @D, @ Dllgec = (A, — A u.lly = 0. Of course, this
example does not contradict our result (Corollary 1 or Theorem 2) since M is not an

. . h
approximate simultaneous measurement of A, (= x,) and A4, <= l—é-x—> but the exact
1

simultaneous measurement of B, (= x,) and 4, <= T) However, since Proposi-
i0x,

tion 1 includes some ambiguous sentences, there seem to be a few confusions in some
books.
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I would like to thank the referee. Without his suitable advice, I could not improve
this paper.

Note added in proof: For the further arguments of this paper, see the additional
references [23] and [24].
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